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ABSTRACT

A theoretlcal study has been mzde of the beheavior
of a recently-proposed relay servomechanism in which
the sense of the torque applied to the ocutput shaft is
determined by & comparison of the error and the square
of the error rate. Response time, in’,egrated absolute
error, end integrated squared error for a atep input
are used to measure the degradation of the response as
a result of vieoous or Coulomd friction, or imperfeot
design of the switching device. 1t 1s concluced that
moderate amounts of fristion or slight errors in the
switthing device can be tolerated with only a small

ascrifice in the performance.
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A STUDY OF SOM3I NEARLY CITIMUM SERVOIECHANISMS

Introduction

Relay servomechaniems have been used and studied’~? for
a nmuaber of years. In the usual system, the sense of the torque
applied to ths output shaft 1s controlled by a reliay whose
operation is based on the sign of the error. Such systems ca&n
be mado small and simple, but have a tendensy to oscillate at
smell amplitudes if the system has moderate amountt of dead
space, backlash, friction, or tims lag. Linear lead netvorks,
which make the torque dspendent on both error and error rate,
have been used to combat those detrimental effects.

{cDonalds’lo, Hopkinll, and othersl? nave recently proposad

that the usual relay aysitem Ls modified by the substituticn of
a nonlinear lead netiork or " unticipator" for the conventional
linear lead notivork. In the proposed system, the sense of the
: torque is basad on a comparison of th3 error aud the square of
the error rate. For a step input and neglecting all friction
torcuss, this oystem uses meximum sccelerating torcue until the
orror is reduced to helf of its crigingl value ond maximum
decalerating torcue until the erros is reduced to 2ero.

The proposad system is an "optimm" system since it gives
the minimm rssrponse time possible with the specifled inertia
anid maximum t<rous,. Because the response time varies as the
scuare root of the initial error and tihe description of the
reaponoe to 2 ciep input 4ozs not furnish a precise atatoment
of the resronsc for other inputs, the system must be consideresd

non}Mrear.
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In linsar systems, slight errors in the values of any of
the systen parameters produce only slight variatione in the
character of the response. This common-sense observation 1s
based on a theorem in mathematicas vhich stetes that, under
ceriain conditions, the solution of a Aifferential ecuation
is a contimuous and differentiable function of any parameter
in the oque.tionb. 7hile tho equations of linear servomechaniasus
mect the conditions of the theorem, the ecuations of off-cun
systems may not. For this reason i% svems desirable to oxanine
somc of the assumptions on :hich previous analyses of the
proposed ortirum system have been based, in order to determine
vhether the parameters of this system are critical aad .aether
differences bot./een theory and practice might have serious
consscuences.

The investigations to be describoi are conterned irith
variations of this systom due to friction or inproper design
of the nonlincar mﬁoipator. Thoee systems are called "noarly
optimun" systems Wocause thoy become "optimm"” in the absence
of fricticn or defocts in the articiypector.

Responge Criteris

Several criteria have been used to measure degralation of
the response due to imperfections in the systen.

The speed of responce tc an abiupt change in the input
signal is an important characveristic of a control system. In
linear systems, the rearonse time for a step dlsturbence is

defined somevhat arbdbitrarily as the time recuired for the
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orTor to beocome and remain less than a specificd fractinn,
usually a fe: hundredths, of the initial magnitudel®. This

sort of definition ias parfectly sstisfactory for linear systeons
whose bohavior is usually given in nondimenrional variablaes,
independont of the input magnitude.

Thias dsfinition is not perticularly ussful in nonlinear
gystems ‘there the charactor of the response may vary widely
with changes jn the input magnitudw and the or.or nay actually
tacome zero in a finite time. In tha following investigations,
the responso time 1s defined as the timd recuired for the srror
to become zero (if this time is finite) or "negzligible", . hich
is intorpreted as too small to be detacted on a grarh. The ‘
voriction of responne tima with input magnitude and system
paraneters ic considered.

Ambiguicies in the definition cf response time can be
avoided Ly th. use of other criteria, such 28 the irtegrated

arsolute error,

A. = (?e\ at ,

-
O

or the integrated scuared errcour,
«©
Az = J. e at .
©

Theso integrals, “/hich also depend on the input, nagnitude and

TN

the cystem rarameters, ars finite esven ./hen the error takes
an infinite time to becone zero. Both intograls have been used

in theoretical anil experimental studies of servomoechanisms,
linear and nonlineari®~17,




I. THE IDEALIZED SYSTEM

To provide a standard to vhich the nearly optimum systems
can be compared, the theory of the proposed optimum system will
be revieved and the various performance oriteria applied to it.

sSyaten Squations

The load presented to the motor by the output shaft is
assumed t0 be an inertia load, and all frictiion torques ave
ignored. The motor delivers a torque which 1s either constani,
t T, or zero. The response of the aystem to a step input is
then determined from the equation

J &§ = t Ty (1)

here e is the error, dots denote differentiation with respece
to time, and the sisn of the torgue depends on e and @ in &
manner to be desoribad. This eguation may be integrated directly

to ottain the error rate

. T .
i +
and the error
7 >
9 = Kz + Kl 14 s —2"?" td (3)

as furnctions of time, vhere K, and K are constents /hich depend
on the initlel conditions.

The output shaft is assumed to be statiorary hen the step
input is applied. Because of its inertia, the velocity of the
output shaft cannoct change instenteously, and the initial error
is therefore equal to the magnitude of the step input. lFor the




acceleration interval, the initial conditicns are therefore
8(0) = 0 and e(0) = ¢

and the equations of motion are

_§m_ t (4)
=¥ @ (5)

At a time ty, the orror is reduced to half its original valug,

o°?

the torcue is reversed by the action of the nonlinear anticipator,
and the squations for the subsocuent interval are

¢ = B {:ﬁ.q—o (6)

=-_T?_(t2-t. (7)
o = 26, -2‘41.? 6, t +£§—t' (8)

T
= =B (4, -¢)? (9)
In Ecs. (7) and (9), t, is the time recuired for the error to
bacome zero or the responss tims. I’lcts illustrating thoese
relations are given in Fig. 1{a). A family of curves for

different values of e, is given in Fig. 1(c); similar curves,
based on experimental data, are given by McDonald;o and Hcpkinll.

Regropge Criteria
The switching time, t,, can be found by substituting
= 8 /2 in Eq. (5); the rosult is

tl = -!;- % (10)



Tihie response time, ¢, oan be found frem E3. (8) or, more
simply, by noting that

= 2\1.—- Oom (22)

It can be seen by inspection that the integrated absolute
orror 1is

.
2
== (23)

Ths integrated squared orror, somevhat more Aifficult to
evaluate, turns out to be

= -’5-3-.4-;};- o, ¥/? (24)

All three measures of response are functions of J/2,, as
would be expected, and a power c¢f e, vhich is consistent with
dimsnsioral requiremsnts. Jith ths torque-to-inertia ratio and
initial error given in any consistent set of unitas, the response
tire and intcgrated absolute and squared error can be oomputed
direstly from these eguations. Knci'ing the variation of these
quantities with initial error, the values for any other initial

error are realily Astermined.
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To simplify future graphicel work, !t has been assumed
that T, = 1 and J = 1, with the result that & varles directly
with ¢ and e varies as t2/2, This assumption is equivalent to
& chiange of variadble which can be made definite if ths need
arises.

7ith the substitution of these mumerical values, the

error can be written

S (15)

i

for 0t <t,, and

o __33 (1£)
for t3{t < t,. These equations aroe the basis of the phase-

plans plois given in Fig. 2. It will be obuerved that all of
the trajectories coincide approaching the origing =Zq. (16)

therefore givea the values of e and e at the time of torque
reversal and divides the phase plane into regions of positive
and nogative torgue. Points above or to the right of this
curve correspond %o nsgative torque, and pointa iclo.s or to
the left correspond to positive torque. Tho curve appeais only
in the second and fourth quadrants, and is symmetrical about
the origin.

In reneral terms, the equaticn of the torcue-reversal

curve (in the fourth quadrant) 1s

0y = —=m- 9 (17)

uvhere "s8" denotes a s:'itching point. The function of the




nonlinear anticipating netvork is to compare 82 sith the proper
multipls of e, thereby determining the position of the system
vwith respoot to the boundary, and supply a signal t¢c ths relay
""-4ch will result in the proper torque. The pnysiocal net.ork

can take a variety of tomaa'lo'n.

1I, COULOMB FRICTION

Previous atudies have not considered the possible effocts
of accidental Coulomd or viscous friction, althcugh YcDonald8
suggests the deliberate uge of Coulomb friction to assist in
the decoelerating prccess. ‘hile it would be possible to study
the behavior of the system with frioction ani the original
switehing procedure, it seoms more fruitful to consider changes
in t¢hs phase-planse boundary vhich will minimize the effects of
friction. As will be pointed out, a slight change in the shape
or location of the torque-reversal cwurve will prescrve the
desirable features of the original system with little sacrifice
in performance.

If motion of the cutput shaft is opposed by a ~oulomb
friction torque T¢ which is independent of velocity, the net
accslerating torque 1o docreased but the decelorating torcue - *w
is inoreased. The motion is still described by Hco. (2) and (),
except that Ty must be relaced by (Tp - Tg) during the interval
whon tho output shuft 1s :acelerating and by (T + Tp) Auring
the interval of dsceleratl 1. To obtain tho desired type of
reaponsa, sé:itchi.ng must Ix delayed until the error is less

than half ita origisal va}u , as malcﬁtad by Fig. 1(b).




The error ard error rate will deoome sero simuiianecusly
ir thé switching is carried out in such a way that

Zquation (18) states that the velocity is continuous at t,, ana
Eq. (19) states that the total motlon of the output chaft 1o e,
To eatisfy these oonditions for all initial error magnitudes,

it 10 ni3ceersary to make the switching boundary

. T + T
esa = 2 —2-3—3- o, (20)
= 233 (1+1e/10) o, (21)

in the fourth cuadrent. Comparing this scustion with the previcus

boundary, 3q. (17), We cbserve that they are identical oxcept

for the factor (1 + Te/Tp). This means that the scuare of the

orror rate must be compared with a largs:r multiple of tho error;

cnly a slight adjustment of the nonlinear netuork is reculred.
Phase~plane plots, showing the new liocation of the torcue-

revorsal ourve, are shoim in Figs. %(a) and 3(b) for T¢/Ty

equal to 0.4 and 0.8. It will be saen that the siritching ourve

1s ocloser to the vertical axis, reflecting the delay in ovitching,

and that the maximum velocities are reduvcod, indicating an

increace in response tino.




time
The ewitcning time and response/may be caloulated from

Bgs. (18) and (19), ziving

mT Vo [T =
t = 2 ] 2
2 = 3] a
_ ’Jo r 1 £
= Y |y (24)
v T 1l - X“}L/

vhere, for trevity, % = Tf/Tm. These sxpreasions reduce to the
friction-free values when x = O and become infinite vhen x =1,
as expeoted. /hen the friction torquo i3 relativsiy small,

X 1, the response time 1s sprroximately

t, < QVLEL (1 + _33) (25)
Por x = 0.2, the response time is increased about 2 per cenk;
for x = 0.8, the increase is 67 per cent. The asms values may
be cbtained from plots of error - a function of time, like
thoge of Fig. 4. '

That a moderate amount of friction is not too serious
may also be ccrciuded from consideration of the integrated
absoluto and squared error, although these integrals increase
wore ragidly with x than the resronse time does. 3ome messy
but straightforvard intezration and aigebra estatllishes that

the integratod ebsolute arror is

- %i.
A ="’+g_ 903/2 'L_i__'Lx?_"] (1 + ..’3‘_) {26)
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and the integrated squared u:ror ia

= 834]3 5/2 2 . 2
h = 3% V°w;~ % [jr{qua (1 + %g x 3%' x%) (27)

These eguations also reduce to the correct values for x = 0O,
bscone infinite for x = 1, and contain the factor (1 - xa)-l/2
¥hich arveared in the squaticn for the reaponse time. The two
intexrals each contain a second factor which causes them to
increase rapidly with x. Both integrala increase about 5 per cent
for x = 0.2 and about 120 per cent when x = 0.3.

Logarithmic plots of A and A, as functions of x anc e,
are given in Fig. 5; the curvos are straight lines with sloyes
of 3/2 and 5/2, resrectively. Curves showing the varisation of

t2, Ay, 2nd A; vith x for a fixed e, are given ia Fig. &.

IXI. VI5CCUS FRICTICN

If motion of the output shaft iec opposed by a viscous
friction torque which 1is proportioﬁal to the velooity, nev
equations are needad to describe the variation of error with
time and the shepe of the torque-reversal curve must be changed

for optimum rerformence.

Systen Bauatlong
Ccnsidering only viscous friction and inertia, the ecuation

for the recsronse of the systsm to a stenr input is

J & + f & = £T, (28)

where f 1s the friction cocfficlent and the sizn of the tarque
will again depend on e and 8.
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The general solutions of this sguation are

sl o+ xR (29)

st Nt - L9 - o~ + K, (20)

where () = ._'rfn., the meximum or limiting velocity:

T = —Jf"" the time constant;

and K, and Ky depend on ths initlal conditions.
For the same initial conditions as before, the error raie

ard error during the accelerating interval are

-1 - o7t) (31)

e
e = e, - {1t #ﬂ’t(l-a't/t) (32)

Bvidently the error rate increases exponentially toward the
limiting valus (). , vwhile tho error is reduced, aiouly at

first and finally at a constant rate. As in the provious systems,
it 10 proposed to raverse the torcue at o time tl vhich is
shosen in such a vwey that the error and error rate become

zere simultaneously at time t,. The complete response :ill

then be as shoun in Fig. 6A, vhich may be comrared with Figa.
1{a) and 1(d).

At time t1, the or7er s been reducod to
e(t]) = ec - \ntl + P\nl't (33)
and the error rate ies

S(tl) = - ’Oﬂ {34)




whore p= 1 - o'tl/t ; (35)

and represcnts the frastion of the limiting speel which is
attained by the cutput shaft at the s7itching roint. iguations
(33), (34), and (35) provide the initial conditions for the
decelerating interval betveen t; and ts.

During the deceleration interval, the ecua’lons become

Q - (pr Qe - (36)

e = \n.t-z.n,tl-\n.;'t

s (pe D™t - Lo il

Imposing the conditions é(to) = C, e{t) = 0, e obtain
after some algedraic manipulation t«o equaticns

0o = L - (pr 1) o-(t2 - t1)/% (38)

0

L (tp - tq) -,n,tl t o, {59)

v

which are analogous to iqe. (18) and (19). sxcept for the nature /
of tho oquations, it would be possible to solve 3as. (35), (38),F
and (39) to determine 0, ¢;, and t; for any particular e,.
It 1s much more convenient, however, to consider trat ¢, 1is
1iven. Using the value of /O computed from 3Iq. (33), e find
(t5 - t1) from
o-(t2 -t _ )
P + 1

which is derived from 3¢. (38). Tho resronse timo is then

{40)

t, = t; ¢ (t; - t3) (41)




)
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and the initlal error is

e, = 2Lty - (g (42)

Jome typical rosponss ocurves for a aystem of this type are
given in Fig. 6B for U= 0 and L= 1. shen Y 48 made zaro by
elimingting the inertia, switching ocours at e = O; with no
inertia, the outpui shaft rotates only when torque is applied
and comee to rest immediately wvhen the torwue is reucved. Thd
switohinz point for T = 1 ocours at relatively small values
of e, increasing to ¢ = 0.308 for large initial errors.

Phase-plane pliis are given in Fig. 6C.

exitehing

The required torque-reversal ocurve in the pl .se-plane
can bte determined mmerically, using 2qe. (73) and (34) which
g8ive the coordinates of the switching point for a particular
valus of e, A more direct method is obtained by recognizing
that the switching boundary is also a particular trajectory
of the systom, paasing t.hx‘gush the origin. Noting that the
torque is positive o.long this curve, we return to f£cs. (29)
and (30), substitute the conditions €(0) = O and e(0) = O,
and obtain

s = QL - etk (43)

Qe
"

o, = Ut - QX - (a4

2liminating t, ¢ obtain

-0 1n [1 . -H-] - T8, (45)

oL ey



T e & - -3 £

= 15 =

as the recuired relation betiesn 8, ard e,. The boundary for
the fourth cuadrant is ovtained by sudbstituting negative values
of é,; the boundary in the second quadrant is obtained from
symmetry considerations.

Rearonge Criterie

Inesm:ch as no analytic expression for the responsoe time
i1s evallabla, we will settle for a discussion of limiting cases
and a graph obtained from numerical calculations.

J£ the initlal error is small, the maximum velooity
attainod will alsc be small and the friction term will be
relatively ineffactive. The behavior of the system is then
eegentially that of the idealized system without friction.
This expectation can be verified in two ways.

‘Then Gdkx is amall enough, we can use the rola&ionle

ln(l-X) — -{x + ; + 5-3.’ oo.]
3

" to reduce 3c. (45) te

&2 3
R & R O S IEE T
o 2

> %5, (47)

& ?é%; 383 (48)

This equaticn is the same as 3g. (17) which doscribed the torgue-
reversal curve of the optimum system discussed originally.




Yhen the initial error is small, the response time of
the system ~+ith visocous friction 1is eesentially the same as
the resronso time of the cystem ‘/ithout frietion. -hen e, is

small, the maximum velooity attainsd is computed from

t
- . (49)
P= =

Using B¢. (40), we then have
-(t2 - YA & 1 1
e T Tk (51)

2
o T2 N F'l"] (52)
T X

Expanding tho exponential function in a series and taking

only tvo terms, ve get

ta -t o~ t'; - [tl ]2
—x T Tr T
2
or t, ¥ 2t - “% (53)

Substituting Eq. (53) into Ec. {42), we finaily obtain

2 T e
o J
oy tl - —epr— Oo (55)

‘m

which 16 1dentiocal :7ith Zc. (10). Since the resronse time is
nearly 2 tys it folloi’s that

t-> (56)

ol 4

n

o

gu—

o
(o)

as bafore.
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If the initial error ia large, it is sonvenient to write
BEq. (42) in the form
ty = ‘5‘%" + 2 (t2 - ty) (57)
since the limiting value of {t, - ty) can be found from 3q. (40)
by taking /O = l. This sudbatitution givose

o-(t2 - t1)/x (58)

|,,

or (t, =t;) = 0.693% (59)

For large initial errors, the response tims therefore approaches

The relstions are summarisged in Fig. 6D whioch shoiis the
respcnse time as & function of initial error. A curve for the
optimum system without frioction is zivan for comparison. As
prediocted, the curve for ¥ = 1 coincides with the ocurve for
the 1dag.l eyetem for initial errors less than about one-half
and 1s & lincar function of initial error vhen e, 1s greater
then 4:0. A syctem 7ith no inortia (T = C) i3 su-erior to
the 1deal system for initial errors less than four. Thie
result nay be expected from the fact that the inertialess
system roaches its maximum velocity immcdiotely and wastes
no time in accoleration; for initiel orrors greator than four,
tho croater maximm velooitilies which are possible in the idoal

system result in a smaller rosronse tinc.

*

-
i - 2 B T

prr YL, T Ly




P

Lo on e
DS =3 -t

- 18 -

Curves of lntegrated abaclute snd souared error as
funotions of the initial error, plotted using lnga.rlthmic
voordinates, are given in Filg. 6X. The dashed curves are
for the optimum system without friotion. For ¥ = 0, the
ourves ares ccmputed from the equations

ty = tp = ;7" e, (61)

For ¥ = 1, the curves were obtalned by numerical integration
from the computed response curvss of 'ﬁ:“&s. 68B.

| The integrated absolute or no,ua.ied crror for the asystem
with friction and inertis is alvays s,mator than the corres-
ponding integral for eithsr (1) a system with inertic and no
friotion (the ortimum system originally considered) or (2) a
system with friction and no inertia ( T = 0). For amall
initial errors, the curvee for tho system with ‘¥ = 1 approach
the ourves fcr the original ortimw system without friction;
for large ianictiol errors, the ocurves arc asympletic tu the
curves for ¥ = 0O, as may be expected from the natuie of the
rosponse. These liniting curves ovidontly supply lover bownds
for tho intougrals ard indicate the best rossible parfcrmance
to be expected from a given motor. Any mcthod of control other
than the optimun switching moetnods w7ill result in pcorer
perfomamé, sho'/n by an incroaso in the intosratcd absoluto

or squared orror for any ster disturbvance,

b, 2~

Ll 2




= 30w

Although the special values I, =J =f = 1 were used
tc compute the response and phass-plane curves prasented in
this ssciion of the report, the curves ror ‘U = 1 may de
trestad as functions of dimensionless variables. To apply
thess results to cther systems, it is only necessary to
conglder that time has been measured relative to ‘U ana
error rolative to &1%. .iith these ecale changes, the curvoes

apply to any similar systom.

comidned coulomb and Viscows Friotlon

If the propossd opt&mum'tyatem is subjected to small
coulomb or viscous fricticn torcues, redesign of the nonlinoar
netvork will raault in the desired type of operation with a
moderate sacrifice in performanco, as has been indicated. No
studies of the effects of combined coulomdb apd viscous
friction have been mads, but additional degradation of the
ro3ponse i3 L0 be expected.

affecta of simultaneous coulomb and viscous friction
cean be minimigzed, ho7ever, by a suitable selection of the
torcus-reversal curve and the corresponding nonlinear not.ork.
As already notedlz, tha torcus-reversal curvoe must be a
trajectory of the system for the deceleration conditlon,
rassing through the origin. For this case, the roculred
curve can be computed by substituting

\ / _ Tm + Tf
) = =24 (64)
= n (1 + x) (65)

for &) 1in Ec. (45).
‘. ¢ "
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IV. Sw¥ITCHING ERRORKS

Hopkinll describes tiwvo methads f{or convertirg the :
theoretical torque-reversal scurve into a physical sivitching
device. In one method the phase-plans plot is reproduced on
the face of a oathode-ray tube in which the horizontal and
vertiocal defloctions of the beam depend directly on the
error and error rate. An oraque mask covors the region on !
ons side ¢f the torcue-reversal curve, and a photccell
determines from the location of tha spot whether poslitive
or negative torcue is required. This scheme, “hich pormits
any required torque-reversal curve to be casily reallzed,
is bulky and complicated.

¥ore commonlylp'lz, svitohing is carried out physically
by comparison of tio voltages, one proportlonal to tho error
and the other proportional to a nonlincar function of the
error rato”. The nonlincar function 1s gonerated by blased-
d10dn netiorks whose design is based on Bc. (17).

In previous investigations this neti/ork has been made
to produce a close approximation to the desired s./itching
procedure, as dstermined by direct measurement ond also by
obsorvation of the overall transiont behavior of the system.
No detailed study has boen mede of the recuired accuracy of
this approximation. Since a rather poor approxinatioan micht

*Tho revorse process, using a nonlincar functlion of error

and a voltago proportional to serror rate, hca also beon
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give zatisfactory results and be much easier to realize,
& study of the effscts of improper awitching w7as made.
For simplicity, friction torques are lgnored and
svitching 1s assum:’ o bte ingtantansous. Ths systcm
considered is the system proposed by McDonald and Hopkin,
oxcspt that the torque-reieraal curve does not coincide

With the correct curve given by

g2 = S BN (17)

Bquation (17), which gives the torcue-reversal curve in the
fourth quadrant of the phase plane, may be ritten

3 : - |
QB = - 2 T QB QB’ (.66)

to include both the second and fourth cuadrants. The torcue-
revorsal curves hich have been studied are generalizations
of Eq. (6§) and are expressed as

- 1

R e = -~ k é (67)

The coefficient "X" may de sald to control the "locsation"
of the torque-roversal curve, hile the exponent "«" governs
the "shape" of the curve. Tho correct values, given by Ec. (66), ,

are k = J/27, and o< = 2, For convenience, "locaticn” and

"shape' errers are considered separateliy.
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V. BCUNDARY LCCATICN

Systen Ecuotions

To examine thic &ffects of varying k, it is assumed
that o = 2, The torque-reversal curve in the fourth cuadrant
is therefore

2

e = Xk @ (68)

Letting T, =J = 1, as before, the correct coefriclient 1s
k = 0.5. If the actual k 1is greater than the correct value,
he torcue-reversal curve moves closer to the horizont-l
axis of the phase plane and "early" switching results.
3maller values of k move the curve towvard the vertical axis
and cause "late" switching, with consecuent ovorshoot or
osciliation.
The dlecussion of the switching process is simplified

by use of a parameter r, defined by

r = 21 , (69)
)

Vhere e; is the error at the timo tl ‘hen the first switching

takes place. The parameter r 1s a function »f X tut does not
depond on e, 3arly sritching corresponds to r > 0.5, vhile
late switching means r £ 0.53 the tiro cases recuire
different treatment.
In all cases, the orror is given by
o2
e = 85 = - (70)

for 0<t {ty. Forr 0.5, tho point in the phaso plane
1
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then follows the itorcue-reversal curve; this behavicr may
be understood by reference to rig. 7.

The dushed cui've in Fig. 7 48 the torcua-revorsal curve
for r = 0.7. In Fig. 7(a), the point has been allsisid %o
travel past this curve to the curve for r = 0.6 before the
torque 1s reversed. The point then moves on a trajeciory
which would result in an error acual to 0,2 L at ¢he point
of zero error rate. Tha tornue 1s rsversed again, howeve:r,
at a curve corresponding to r = 0.8, and the output shaft
is again accelorated. The cycle of acceleration and decele-
ration 1s repcated until ths pcin': meaches the crigin.

In FPig. 7(b), switching ocours on curves for which
r = 0.66 and 0.74. The numbsr of oscillations about the
toroue-reversal curve (r = 0.7) has increased and the decrease
in error bstiween switching operations has beon reducel.

The switching procedure descridbed is artificlal and
no ettempt 1s mode to interpret it physicelly; it is used
to provide an easily dofined limite.ne process ‘hich ’gin
exrlain system operation for ideal, instantaneous switching.
In the limit, svitching takes place at the curves r = 0.7 & €
wvith € aprroaching zeroj the point thon makes & iarge number
of small osclilations about the torcue-reversal curve. In
effect, the point follo.s the tLorque-revorsal curve, along
vhich e and 6 are given by 3c. (36). (ieedless to say, this
behavior 1s physically impossible and even a close approxi-
mation vould impose severe domands on the relay-)
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For r < 0.5, the error is given dy aq. (70) until the
point rezches the torgue-reversal curve. The trajectory then

becomes
&2
e = o + —x— (71)
which applies until the noxt intersectlion with the torque-
reversal cuirve, abt tinms t3. Here e, denotes the error et

time ta wvhen the error rate is zero; the value of 85 is

L e, - 2 (1 - 1r) e,

o, {2r-1) (72)

At the noxt switohing poimt,
e; = T o, {73)

and it may be conoluded that, in general,

"

[
o
|
-y
I

!‘=°1 =....2._

= = = 2eeee (74)
% e %4 %
(22‘-1):..22—..:;.2&_:_35_'_':_25__— seees (75)
9 82 64 .6

Bquations (74) and {75) furnish the error at sverry sviteching
point and every crossing of the horizontal axis. The trajectories
Joining these points are all parts of a parabelic curve aleng
which e varics as &2/2. This ourvo can bo plotted once on a
separate shoot ~t graph paper and traced to obtaeln the rlicse~
planc plots.

Yhase-plane plots for r = 0.2, 0.3, 0.4, 0.6, 0.7, and
0.8 are given in Fig. 8; the pict for r = 0.5 is found in
Flg. 2.
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Raspenge Oriterla

Curvea shovwing exrror as a function of time, based on ithe
phase-plans plots, are given in Fig. 9 for a unit initial error
and r = 0.7 and 0.3. As \tould be exnocted {from thoe phass-plans
plots, the error decreases slowly and monotonically for r) C.5,
resulting in an increasod resroncs time. For r < 0.5, the =rror
2ocreases 0 26ro in a serics of oscillations of diminishing
poriod.

The integrated absolute and squared error was determinoed
mmerically from curves similar to those of Fig. 9; the results
are given in Fig. 10 as functions of k and r. Tuae rslation
betiieen k and r may be derived in the following ./ay. At the
first ewitchirg point,

&g = r e = k & (76)

irom BEgs. (68) and (69). The error rate at this point is elso
given by

§° = 2 -1 e, (77)

from BGs. (69) and (70). Zliminating 61, ve ootain

L & N s
o = Lk (79)
1l + 2k

A linear geale :7as used for k, since it is liksly to be the
constant vhich 1s changed in adjusting thc asystem.

A e e e
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Unlike the error intogrels, the response tims is eusily
computed ani expressed in c¢losed form. From &q. (5), the tirs
recuired to reach the first svitching point 1s

t, =\[E<1-r> e, (80)

For r £0.5, the time recuired to next reach zero error rete,
vhich night be oconsidered es the time for a half cycie of the
oscillatlon, i3

t, = 2¢, = 23/2 V(l-r) o (81)

Py analogy, the time recuired for subsecuent half cycles will
be

ty - tp = 23/2 VTI - 1) |62T (82)
tg - t, = 23/2 V(l -7T) '96' (84)

and so forth. The absolute value marks are introduced to avvid
difficulty with signs, since e,, 8gs ©1g: °°° are negative.
The response time is the sum of an infinite number of such

intervals, or
(85)

Response Time = 23/2-V ler [Veo + ﬂeal +‘Va4 +V'36' + ...]

Hovever, from Xc. (75), we have

o = (2r -1) e, (86)
e, = (2r-1) e = (2r - 1)2 o, (87)
o = (2r -1) e = (2r - 1)° o (88)
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and so forth. ixpreseing 3q. (B85) entirely in terms of e,
and writing (1 - 2r) instead of (2r - 1) in crder to account
for the absolute value merks, the response time 1s found to

be (89)

Response Tims = 23/2"(1-1') eo[l + 2 + 22 + 2.3

where z = (:L-2x')1/2 (90)

This series 1s an infinite gecmetric progression, whose sum
1518

3/2 l-r
3 T4im = 2 —% Vo (91)
Responso e T T o

provided that 0< r £ 0.5.
For 0.5 & r < 1.0, a different approach ip used, based

on the relation

- 0
Respense Timo =  t, + f e (s2)
e -]
1
The error rate along tha torque-reversal curve may, by means

of 9. (68), be expressed as

(93)

with the result that
Response Time = t, + 2Yk e, (94)

Equation (54) reduces, using Egqs. {(80), (78), and (69), to

_ ." 2
Response Time = —— 'veo (95)

+ 000]
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Equations (91} and (95) give the response time for any
value of r vetween zero and unity, 3q. (91) being used for
casen of late swiitching and Eq. (95) for early switching.
Values computed from these secuations are given in Fig. 1i.
Aigo shown in this figwre aiv other valuss of time at vhich
the error is zero, taken from curves similar to those of
Fig. 9.

The response time is finite except for r = 0, whioch
means & sustained oscillation, and r = 1, vhich corresponds
to no reduotion of initial error whotaver. The responss time
inoreases rapidly as r is roduced beiow éne-hslf, the correct
value, and inoreases slovwiy with inocressing r. On the basis
of these observations, any error in the adjustment of the
nonlinear lead network should be mads in ¢the dlirection of
early switching; this conclusion wWould be strengthened by
consideration of relay operating time, omitted in this
study. |

Since the nature of the respongse does not 4depend on the
initial error, the curves shovm in Figo. 10 and 1l may be
corrected by the use of scs. (12), (13), and (14) for other
values of J, Tm or e, The dspendonce of response time,
integrated absolute efror, and integrated scuared urror on
J/Tp and e, is not affected by srrors in X.




VI. BCUNDARY SHAPE

Given a bilased-diodo mstiork which providss a voltage
proportional to &2, it should be relatively easy io adjust
the constant of proportionality to obtain the corrsect torgue-
reverasl curve and the dosired switching behavior. The real |
diffisuity is the dGesign of a netvork to produce an accurate
square-la¥ relationship between input srrcr rate and ocutput
voltage.

In thoe fcllowing discussion, the toroue-reversal curve

is thorefore takon as

- 1 . « lOC-1
6g = - 3~ 9, 5, (96)
in general, or
o€
o = + =- |& (97)

in the fourth quadrant. If oC is 1 or 3, the cases which are
selected for study, the absoluie value markes in Ec. (97) can
be omitted and a minus sign substituted for the pluas aign. The
coefficient, 1/2, has been chosen to make the torcue-reversal
curve pass through the point (1/2, -1) as the correct curvs
does; tho curve 4o9s not coincide with thoe correct curve for
other values of e and é. As before, the special caso T =J =1
is considered.

The annlytical procedurc adopted is ocssentlially graphical;
the torcue-reversal curve is plotted directly from Eq. (97) and
reproscntativo trajectories are traced, using curves plotted
from Egs. (70) and (71). Some typical phaao-plane plots are
given in Figs. 12, 17, and 14,




For O = 1, the svitohing network is =ffectively a linoar
lead network whose properties have been studiea’»3, The point
starts out along a trajectory given by Bg. (70) and intersects
the torque-reversal curve (now a straight line) for the first
time at values of @ and & obtained by solving simultaneously

o, . o (98)

4

from Eq. (70) ana

: . (99)

from Eq. (97). The error st the firat switching point 1is

-1 t\Jl-rBQQ_

4

Several types of response may be distinguished, depending
on the initial arror: * <
{c) I e,< 3/8, the point follows thé\.t:omuo-mvorsal

curve 40 the origin after its intersection with the

e, = (100)

curve at time t,. Since the error rate is directly
proportional to the error along the torque-reversal
curve, the error decreagses exponentially with time.

(v) 1 3/8 { o, < 1, the point leaves the curve along
a trejectory which ocould be expreass?d by Eq. (71),
with e, positive, intersecting the torque-reversal
curve again i1 the fourth cuadrant; it then follous
the torque-reverseal curve to the origin.

AT
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(0) If e, = 1, the poimt leaves the torque-reverszl

surve along the trajectory
52
e = —m— (101)

vhich 48 a particular case of BEq. (71) and reaches
the origin without further swvitching and in a finite
t ime,

(d) If e 021, the point leaves the torque-reversal
curve along trajectories given by Eq. (71) and

arrives at zero erros rate With an error equal to

e, ="°o"—%- +i.l‘.i,—_.§.ﬁn. (102)

Thiz error may be taken as & nevw inltlal error and
tests (2)-~{Ad) again applied.

4ith a linear leed natwcrk, therefore, large initial errors
are reuced in an oscillatory fashion at first, followed by
an exponential decroase t0 zero; small initial errors «+ill
result in a monotonic responsa.

For ¢¢= 3, the torque-reversal curve is closer to the
horizontal axis than the correct curve for large errors. After
the first intersection of the trajectory with the torque-
reversal curve, two types of bshavior may be notod:

(a) For e, > 10/27, tue trajoctories colnolde with the
torquo-reversal curve until the error is 4/27; at
this point a series of oacillations bagins.

(b) For o, € 10/27, all trajectories reach the origin

as the reoult cof a sorioes of osoillaticns.




In thie case, largo initial errors are reduced in a monotonic
fashion at first, followed by an cecillatory decrease to 28ro.
The oritical initial error, 10,27, 1s obtained in the
following way. Gonsidar a point on the torcue-reversal curve;

dravw through this point a trajectory corresponding to a
deceleratling torque. I{ motion along tnis trajlectory would
cause the point to irmediately enter the region of accelerating
torque, the point will abandon this trajectory and folloiw the
torquc-reversal curve, as discussed earlier (p. 25i. If motion
along this trajectory causes the point to remain in a region
of decelerating torque, the point will follow the trajectory
until its next intersection with the torque-reversal curve.

A special situation is evidently obtained if the trajectory
coincides localiy with the torque-reversal curve, that is, if
the rate of change of o with é along the trajectory is the -
same as the rate of change of a, with 6, along the torgue-

reversal curve. Stated mathematicadly, thie siiuation requires

e | = 22 (103)
a8 s a5,

or S (104)
as de
0, 8

For = 3, the torque-roversal curve is

(105)

o = e, + é- . (71)

Yoo gk
X

Tathd i




Applying Eq. (103) end specifying that & in =q. (71) bo taken

at & point on the torque-reversal curve, ve obtain

-3 87 = &, (106)
or 3 L1 (107)
8 3
At this point, the error 1is
R N ST T
®s -2 3
n _5‘,.‘,_ (108)
From Eq. (70), the corresponding initial error is found from
2
j‘-’r = S5 = ‘21“('_2") > (109)
which gives
o, = .2,*-?- (110)

his analysis serves to determine exactly a critical initial
orror whose approximate magnitude is easlly obtained by use

of graphlical methods.

Response Criteria
eThe phase-plane plots furnish a complete description of

the asystem response and can be used to derive curves of error
as a function of time to vhich the various responge criteria
can be applied. ¢hile it *ould be possible to construct these
curves entirely from the phaso-nlane plots, it 1s probably

more satisfactory to obtain only certain cruclal facta from




the phase-plane: the error and error rate whore trajectories
arrive at, or depart {rom, the torque-reversal curve, and the
error at points on the trajectories for whioh the error rate
is 2zero. This data may be usa: connection with ecuatlons
for error as a functlon of time to ovtain the deslred curvas.
‘hen 4he trajectories do not coinoide with the torcue-

reversal ourve, the srror can be calculated from Eq. (3), using

appropriate initial conditions. For A= 1, the time varlatlion
of the error 1s given by the differential. equation

-%-e+e=o (111)

vhen the poini{ describing the system is follo.ing the torque-

reversal curve. This ecuation has the solution

e = Kk e'a(t't‘k) (112)

where K igs the error at time tk" ihen this solution is first

applicable; this solution applies from the time t, to infinity,

vhoen the error is zero.

For (= 3, the time variation of the error along the

torque-roversal curve can be found from
aa = 48 (113)
e

and the equation, obtained from Za. (97),

8 = - }WIW . (114)
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The resulting ecuetlon fer error is

. n
t - t, = —2 g P e (115)
VS E

.
vhere e, 1s again the error at time t, vhen the [irst switching

occurs; this ecuation applies until the error 1is reduced to
4/27. 1L may be noted that the error values to be substitutod
in this equation are less than 9.

Typical curves of error as a function of time for a
particular initial error are given in Fig. 15. For ez = 1, there
ile one overshoot, followed by an exponential docrcass tc zero;
for o« = 3, the error decrcases to zoro in a series of ocascllla-
tions of diminiehing perliod. Rosponse times estimcted from a
fonlly of ~iiilar curves are given in Fig. 15A for both &X' = 3
and the ideal osystem {oX = 2).

A system with a linear load netvork (& = 1) has the very
intoresting property that its response time ig finite for a
dlscrote set of initlal errors (e, =1, 3, 5, *+*) and infinite,
theoretically speaking, for all others. Fractically, of course,
the error is negligivly small in a reasoncble time; the mesning
of 'negligible” hovever, 1s a subjectivo matter and thereforo a
curve of responss time as a function of initlal error for this
case 1s not very meaningful. For thls reason thoe curve 1s not
presented,

No difficulty arises in the determination of the intograted
absolute or squared error. Values of these intozrals, obtained
nuaerically from the response curves, are ziven ih Fig. 16 as
functions of o¢ “ith the initial orror as a parametor. Wrilo
o = 2 1p clearly the oppimum value, the intogratcd errors arc

relatively indepsndent of K {or =zmall inltlal arrorc.
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ViI. CONCIUSIONS

Moderate deviations of the system parameters from their
optimum valuea can be permitted without much secrifice in
the perfoimance of the system, &5 measured by the resyvonae
tims, integrated absolute errecr, or integrated squared error
for a step input.

Eriction

A surprisingly laxrge Coulomd friction torque, up to
50 per cent; can be tolerated if a simple adjustment iz mado
in the ewitching device. Viscous friction is not significant
for semall errors, that is, errors whioh scan be reduced to
zero Yithout reashing the maximum aveilable speed, if a
similar adjustment is made.

S«itohing

The torgqua-reversal ourve zhould be dsesignod to have an
approximately "parabolic" shape and the correct location in
the phase plune; mpertoct;ions in the switching dovice are

less serious if they result in "early" switching.

Responge Criterls

The time required for the error to become zero aiter a
stsp disturbance is a satisfactory measure of system quality,
rrovided the time is finite. If tho time 1s not finite, the
integrated absoiute or scuared srror provides an objoctivs
critorion. Since the integrated absclute arror is escsier to
calculate and is minimized by the samo parametor values vhich

mininlze the integrated scuerad erior, its uce is recomandedm.
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